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Abstract 

We consider circular strings rotating with equal spins S\ = S2 = S in two 
orthogonal planes in AdS^ and suggest that they may be dual to "long" gauge 
theory operators built out of self-dual components of gauge field strength. As 
was found in hep-th/0404187, the one- loop anomalous dimensions of the such 
gauge-theory operators are described by an anti-ferromagnetic XXXi spin chain 
and scale linearly with length L S> 1. We find that in the case of rigid rotating 
string both the classical energy Eq and the 1-loop string correction E\ depend 
linearly on the spin S (within the stability region of the solution). This supports 
the identification of the rigid rotating string with the gauge-theory operator 
corresponding to the maximal-spin (ferromagnetic) state of the XXXi spin chain. 
The energy of more general rotating and pulsating strings also happens to scale 
linearly with both the spin and the oscillation number. Such solutions should 
be dual to other lower-spin states of the spin chain, with the anti-ferromagnetic 
ground state presumably corresponding to the string pulsating in two planes with 
no rotation. 
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1 Introduction 



The study of AdS/CFT duality between string theory in AdS§ x S 5 and M = 4 SYM 
theory uncovered a remarkable connection between dimensions of "long" gauge-theory 
operators and energies of semiclassical strings in AdS 5 [1, 2, 3, 4, 5, 6, 7, 8, 9] (see 
also [10, 11, 12, 13] for reviews and references). It is important to investigate other 
examples of this connection and draw lessons that may apply to less supersymmetric 
gauge theories, including pure YM theory. 

In general, quantum operator dimensions and energies of quantum string states are 
non-trivial functions of the 't Hooft coupling A = g Y M^ ( or square of string tension) 
and quantum numbers Q parametrizing them, A = E = E(\,Q). In the limit of 
large Q the function E should have a gauge-theory perturbative expansion at small 
A, Ex^i = a Q (Q) + a,i(Q)\ + a 2 (OJA 2 + and string-theory perturbative expansion 
at large A (the semiclassical string expansion corresponds to ^= being fixed), -Ea>i = 

v / A^) + ^i(*) + ^ 2 (*) + .... 

In the case of "locally BPS" operators dual to "fast" strings carrying at least one 
large angular momentum in S 5 the structure of the two expansions happens to be 
essentially the same, with the leading (order A and A 2 ) coefficients matching precisely. 
The general pattern, however, should be an interpolation in A: terms of different order 
in large Q expansion may have coefficients which are non-trivial functions of A and 
which may have different large and small A limits. 

Here we will be interested in the case of the semiclassical strings moving only within 
AdSrj which should thus be dual to the gauge-theory operators which do not carry 
SO (6) R-charges. This sector of states is very interesting since at least part of it 
should be common to any gauge theory. Then the "long" operators in this sector may 
be dual to semiclassical strings in AdS^, with anomalous dimensions having the same 
structure as string energies. 

The obvious global charges are the two spins (Si,S 2 ), i.e. Cartans of 5*0(4) part 
of the 50(2,4) isometry of AdS 5 . A generic operator can be represented symbolically 
as a combination of different orderings of factors in Tr(D+ Df 2 F M ) [4] where D + = 
Di + iD 2 , = D 3 + iD^ are covariant derivatives in gauge theory on R 4 and F M 
stands for products of gauge field strength components, scalars or spinors (in general, 
field strength components and spinors may also carry the spins (5i,5 2 )). One may 
expect that in the semiclassical limit of large quantum numbers (like the spins or 
string oscillation numbers related to M) the form of the dependence of A = E on 
quantum numbers may happen to be the same in the small A (perturbative gauge 
theory) and the large A (perturbative string theory) limits. 

The basic example [2] is provided by the folded string which is spinning in one plane 
with its center at rest in the middle of AdS 5 [14], i.e. having t = kt, p = p(cr), 
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— |, 0i = wr, where the metric of AdS 5 is chosen as 

ds 2 = - cosh 2 p dt 2 + dp 2 + sinh 2 p (d6 2 + sin 2 6 d(j)\ + cos 2 9 d(j) 2 2 ) . (1.1) 
Here S^ — S, S 2 = and the string energy at large S 1 is given by [2, 3] 

E = S + f(\)\nS + ... , f{\) = a Q y/\ + c l + ^ r c 2 + ... . (1.2) 

v A 

The same form of S'-dependence is found for the perturbative gauge-theory anomalous 
dimension of the twist-2 (M = 2) operators of the structure Tr(FD^_F) where /(A) = 
aiA + a 2 A 2 + ... (see [15, 16] and references there). 

A similar expression E — S + h(X,n)\n - + ... is found [17] for a closed rotating 
string with n spikes which should be dual to an operator containing n fields and S 3> n 
covariant derivatives, i.e. O ~ Tr(D+F...D+F) + S = £™ =1 Sj (see also [18, 19]). 1 
The emerging picture is that the spikes (or singularities in p(cr)) should correspond to 
field components in O while the spin should be represented by the total power of the 
covariant derivative D + . 



An important question is about the structure of operators dual to other semiclassical 
string states in AdS$, e.g., pulsating circular strings [20] (see also [21]) or rigid circular 
strings rotating simultaneously in two orthogonal planes [4, 22]. Here we shall argue 
that the circular rotating and pulsating strings in AdS 5 which have Si = S 2 should 
be dual to gauge-theory operators built out of the self-dual components of the gauge 
field strength [23], i.e. Tr(F^ ni ...F^ nL ). 2 Operators with extra covariant derivatives 
should probably correspond to more general rotating and oscillating string configura- 
tions which are no longer circular (i.e. have p depending on a). 

The sector of self-dual field-strength operators was studied in [23, 24] where it was 
found to be closed under renormalization to 1-loop order and the corresponding 1-loop 
anomalous dimension matrix was identified with the Hamiltonian of an integrable anti- 
ferromagnetic XXXi spin chain. In contrast to the case of operators with many covari- 
ant derivatives and few fields whose anomalous dimension is logarithmically suppressed 
compared to their canonical dimension L ~ S ^> 1, here the anomalous dimension is 
proportional to the operator length itself, i.e. for large L one should have 

A = L + 7 (A)L + ... , 7 (A) =ciA + c 2 A 2 + ... . (1.3) 

The 1-loop spin chain contains the ferromagnetic highest-spin state [23, 24] which may 
be represented as Os ~ Tr(Fi + j 2 ,3+i4) 5 or Tr ([£)+, -D*]) 5 ; for this operator L = 2S and 

x In this case one is able to establish [17] a qualitative map between coherent operators and semi- 
classical strings by matching an action for the spikes motion with a coherent state effective action 
following from the 1-loop gauge theory dilatation operator. 

2 The 50(4) representations may be labeled as (Sl,Sr) where Sl = ^(Si + 82), Sr = |(Si — S^)- 
The self-dual field strength described by (1, 0) representation then corresponds to Si — S2. 
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in J\f = 4 SYM theory c\ — [24]. Reducing the spin (i.e. contracting some indices 
of the field strength factors) one gets to the lowest-energy zero-spin (Lorentz scalar) 
anti-ferromagnetic state O l for which c\ = [24]. 

A natural candidate for a semiclassical string state dual to the ferromagnetic Os 
operator seems to be the rigid circular rotating string solution of [4, 22] which has the 
required spin quantum numbers S± = S2 = S. This string is positioned at fixed radius 
p = Po and has t = kt, 0i = wr + ma, 0i = wr — ma, 9 — |. However, as was found 
in [4], its classical energy has rather unusual large S behaviour, E = 2S + ni(XS) 1 ^ 3 + 
n\ = 3 x 2~ 4 / 3 , while the expected asymptotics of anomalous dimension of gauge- 
theory operators should be S, not S 1 ^ 3 . It was conjectured in [4] that perhaps the 
general interpolating expression may be E = A = 2S + [p(X) + q(X)S] 1 ^ 3 + where 
<?a>i = A(c + ^7= + ...) and g A<1 = A(&i + b 2 \ + ...). Then at small A and large S such 
that \S <C 1 we would get the expected behaviour 3 

A = f(X)S + ... , /(A) A<<1 = 2 + Ql A + a 2 A 2 + ... . (1.4) 

Here we would like to propose a different way 4 to reconcile the E(S) behaviour on the 
string theory and the gauge theory sides, supporting the validity of (1.4) also at strong 
coupling. 

As was found in [4, 22] , the circular S\ = S2 solution is unstable if the semiclassical 
parameter S = ^= is bigger than a critical value S max ~ 1.17 (for winding number 
m = 1). This instability is of a "strong" type, i.e. there is an infinite number of bosonic 
fluctuation modes which are tachyonic. 5 This suggests that one can trust this solution 
(and, in particular, compute quantum string a' corrections to its energy and try to 
interpolate to small A region) only in the stability interval < S < \f~\S max . Since 
A is large on the string side, this interval still includes large values of S, and thus we 
may hope to be able compare to large S, large A asymptotics of the exact anomalous 
dimension. 

Indeed, by analyzing the behaviour of the classical string energy E = y/\S(S) = 
VXE(^=) with S we will find (in section 2) that S starts as V2S at small S (as 
appropriate for a string in nearly flat space) 6 and then goes as a straight line near 

3 Note that the gauge-theory expansion assumes that one first expands in A and then takes S » 1, 
so one should indeed assume that XS <C 1. 

4 An argument against the above conjecture that E = A = 25 + [p(A) + ^(A)^] 1 ' 3 + ... is that it 
suggests that perturbative SYM anomalous dimensions may scale as higher powers of the length S 
at higher loops. However, the linearity of the anomalous dimensions in the length is a very general 
property which is a consequence of the locality of interactions in the spin chain. It should hold at 
least until the order of perturbation theory comparable to the length when it may be modified by the 
effects of winding contributions [25]. We are grateful to K. Zarembo for this remark. 

5 In the case of a similar J\ = J 2 spinning string in S 5 there is only one unstable mode [4]. 

6 The small value of S means that the radial position of the string po is also small but then the 
string is located in the central region where the AdSs curvature is small. 
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S of order 1, i.e. S ~ VXS max . Moreover, this linear behaviour of E with S in the 
region close to \/XS max is preserved at the string 1-loop level: computing the leading 
quantum correction E\ to the spinning string energy as in [26, 27, 28] we will find that 
again E\ ~ S+const. This suggests that in general, for S far enough from zero but 
within the stability region, one should have 

E = f(X)S + q(X) + ... , (1.5) 

/a»i =Po + ^= + ••• , ^a>i = V\q + qi + -- ■ (1.6) 

Our results for the tree-level and 1-loop coefficients are (for m — 1) 

p = 2.5, Pi = -0.9, % = 0.65, 9l = -2.38. (1.7) 

The matching of the spin quantum numbers and this linear dependence on S thus 
supports the identification of the gauge-theory operator corresponding (1-loop order) 
to the ferromagnetic state of the XXXi spin chain and the Si = S 2 rigid spinning string 
solution. 

What about other Si = S 2 string states that should be dual to other Tr(F r ^| li ...FW n J 
operators built out of the self-dual field strength components which have length L = 
2S + N bigger than the spin 2S7 It seems natural to expect that these should still 
be circular strings; however, reducing the spin may cause the radial coordinate to 
change with time, i.e. such strings may not be rigid, i.e. they may be oscillat- 
ing as well as rotating. The lowest 1-loop anomalous dimension anti-ferromagnetic 
state should then be dual to the Si — S 2 — S — > limit of such string, i.e. to the 
pulsating string similar to the one considered in [20] (but now stretched not in one 
but in two orthogonal planes). As we shall find in section 3, the classical energy of 
such general Si = S 2 rotating and pulsating string solution (described by the ansatz 
t = t(r), p = p(r), 0i = (p(r) +ma, (pi = ip(r) — ma, 6 = j) is again a linear function 
of both the spin S and the oscillation number N in the region where the corresponding 
semiclassical parameters S — ^= and J\f — ^= are of order 1. In particular, in the limit 

of S ->■ we should get E = h(X)N + h(X) = h + ^ + .... 

More general solutions where p depends on a may correspond to operators with extra 
covariant derivative insertions. The extreme case will be a folded and bended string 
rotating in two planes (see sect. 6 of [29] and [22]). 

One interesting open question is whether the pulsating solution found in the zero- 
spin Si = S 2 — > limit is stable; in general, one expects that pulsation improves 
stability (this appears to be the case when pulsation is taking place in S 5 direction 
[30]). It would be important also to explore if there is some analog of a "reduced" 
sigma model action on the string side and a coherent state action on the XXXi spin 
chain side that can be matched as was done in the examples of "fast" string moving 
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in S 5 [6] and rotating string with spikes in AdS 5 [17]. In the present Si = S 2 case 
the spinning strings are, in general, not "fast" (cf. [9]), so presumably one should not 
drop all time derivatives of the "transverse" string coordinates in taking an appropriate 
semiclassical limit. The gauge-theory side is described by an anti- ferromagnetic spin 
chain for which it is indeed natural to expect a 2-d Lorentz-invariant coherent state 
action [23]. 

We shall start in section 2 with a general discussion of circular strings rotating in 
two planes in AdS 5 . In section 2.1 we shall show that the classical energy of the rigid 
(non-pulsating) string solution of [4] scales linearly with spin for S ~ 1. In section 
2.2 we shall discuss the 1-loop world-sheet correction to the energy of the rigid string 
and demonstrate that it also scales linearly with spin within the stability region of the 
solution. 

In section 3 we shall consider other rotating and pulsating string solutions with 
Si = S2 and find that their classical energy is also linear both in the spin and the 
oscillation number. 

In Appendix A we shall point out that a solution describing circular string positioned 
at fixed radial distance p and oscillating in the third angle of S* 3 is actually related 
by a global 5*0(4) symmetry transformation to the rigid string solution of [4, 22]. In 
Appendix B we shall present some details about the derivation of the spectrum of 
quadratic fluctuations near the rigid rotating string which are used in computation 
of the 1-loop correction to its energy in section 2.2. Appendix C we shall review the 
solution of [20] describing string pulsating in one plane of S 3 and find its energy as a 
function of the oscillation number N following the procedure used for strings pulsating 
in S 5 in [7]. In Appendix D we apply a similar approach to determine the energy as 
a function of the spin and oscillation number for more general rotating and pulsating 
solutions of section 3. 

2 Circular Si = S2 rotating string in AdS§ 

We would like to study a class of circular rotating and pulsating string solutions in 
AdSs with the aim of establishing the dependence of the string energy on the spin and 
the oscillation number. 

Written in terms of 3 complex coordinates 

Y = Y 5 + iY , Yi = Yi + iY 2 , Y 2 = Y 3 + iY 4 , Y*Y r = -1 , (2.1) 

Y = cosh p e u , Yi = sinh p sin 9 e l(t>1 , Y 2 = sinh p cos 6 e l(t>2 , (2.2) 

the AdS 5 metric (1.1) is ds 2 = dY* r dY r , where r,s = 0,1,2 (Y r = r] rs Y s , with rf s = 
(— 1, 1, 1)). In this paper we will use conformal gauge. The AdS 5 part of the string 
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action is then 

V* da 



r rzit dry 

I = ^Jdrj o ^L AdS , (2.3) 



'AdS — — ^ 



f - cosh 2 p {dtf + {dp) 2 + sinh 2 p {{dOf + sin 2 0{d(j)i) 2 + cos 2 #(<90 2 ) 2 ) 



(2.4) 



We shall look for circular string solutions of the form (mi,m 2 are integers) 

t = t(r), p = p(r), = 0(t), 0i = ipi(r) +m 1 a, (f) 2 = (p 2 (r) + m 2 a . (2.5) 

The integrals of motion 

£ = cosh 2 p i, Si = sinh 2 p sin 2 <pi, S 2 = sinh 2 p cos 2 (fi 2 (2.6) 

determine the global 50(2,4) charges (energy and two spins) 

E = V\£ , Si = y/XSi , S 2 = V\S 2 . (2.7) 

One of the two conformal gauge constraints implies 

mi5i + m 2 S 2 = . (2.8) 

In this paper we will be interested in the subsector of states for which 

Si = S 2 = S , mi — —m>2 = m ■ (2.9) 

As explained in the Introduction, they are expected to be related to gauge-theory op- 
erators built out of the self-dual components of the gauge field strength. The equations 
of motion for p and then are 

p + £*^P - _ m 2) sinhpcoshp _ 4S 2 COsh P = (210) 

cosh p sinh psin 20 

cos 20 

+ 2cothp0p-8S 2 z ^ = (2.11) 

sinh p sin 20 

They imply conservation of the second conformal gauge constraint 

S 2 AS 2 

p 2 ^ + (^ 2 + m 2 )sinh 2 p+ 5 = — = (2.12) 

H cosh 2 p V ; H sinh 2 psin 2 20 V ; 

2.1 Classical energy of rigid rotating string 

A particular solution of the above system of equations is found by setting p = p =const; 
in this case the string is rotating within S 3 at a fixed radial distance po from the center 
of AdS§. The remaining r-dependence of can be, in fact, eliminated by a global 
rotation which sets — \ (we explain this in Appendix A). The resulting solution is 
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then equivalent to the rigid circular rotating string of [4] in the 5*0(4) rotated form in 
which it was presented in [22]. 

In the cartesian coordinates Y s the solution looks like [22] (r = cosh p = \Jl + 2rf) 
Y = r e iKT , Yi = n e iWT+ima , Y 2 = n e lWT - ima , (2. 13) 

where t — kt (8 — /tcosh 2 p ). One ends up with the following relations 

8 = k+ -j^—^ , (tVm 2 + k 2 = Am 2 S , (2.14) 



\J k 2 + m 

c 2 r^~< — 2 _ sinhpo « , v 

o = lor, , u> = ym z + «r , T\ = =— = . (2. 15) 

V2 2m 

Here the relation for w comes from the equation for p and for T\ - from the Virasoro 
condition. 7 

The explicit expression for the energy in terms of the equal spins S and the winding 
number m is then 

A = -1 + 124t(18S + V3245 2 - 3m 2 ) . (2.17) 
m" 5 

The energy dependence on spin at small S is the same as in flat space 

8 = 2v / m^S + 0(S 2/3 ) . (2.18) 
At large S the energy goes as [4] 

8 = 2S + ^(4m 2 S) 1 / 3 + ... (2.19) 

However, this solution is not stable [4] for large spin S (or, equivalently, for large k or 
large po). The region of stability depends on the value of m. For example, for m = 1 
the solution is stable for S < 1.17 (see [4] and Appendix B). The plot of the classical 
energy in the region of stability is presented in Figure 1. We observe that while for 
small S the classical energy E goes as the square root of S (2.18), in the stability 
interval 0.5 < S < 1.17 its dependence on the spin is approximately linear 

£ ~ ^(2.55 + 0.65) = 2.55 + 0.65^ , 0.5 < < 1.17 . (2.20) 

v A 

As discussed in the Introduction, since in the semiclassical approximation S = y/\S is 
still large, this supports the possibility of identification of this classical solution with 
the gauge-theory operator corresponding to the ferromagnetic state of the 1-loop XXXi 
spin chain of [23]. 



7 It is easy to find a generalization of this solution to non-zero orbital momentum J in a big circle 
of S 1 . The resulting (E, SI, S2', J) solution is then related by analytic continuation to the circular 
3-spin solution (Ji, J 2 , J3; E) in S 5 x R t [4]. 
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Figure 1: Plot of the classical energy £(S) for m — 1. The dashed line is 2.55 + 0.65. 

2.2 One-loop correction to energy of rigid rotating string 

To be able to extrapolate the above solution to small A, large S region one is to be sure 
that the AdS$ x S 5 string quantum corrections do not modify the qualitative behaviour 
of the energy with spin. Below we shall describe the result of the computation of the 
1-loop correction to the energy of the rigid circular solution following [4, 26, 27, 28]. 

The rigid circular rotating string is a "homogeneous" solution for which the fluctu- 
ation Lagrangian has constant coefficients [22]. As a result, the spectrum of quadratic 
fluctuations can be found explicitly (which is a substantial simplification compared to 
the case of the single-spin folded string solution discussed in [3]). 

The three transverse AdS 5 bosonic fluctuations have characteristic frequencies de- 
termined by the following equation [4, 22] (see also Appendix B) 

= w 6 -(8m 2 + 10/t 2 + 3n 2 )w 4 + (16m 4 + 40m 2 /t 2 + 24/t 4 + 8n 2 /t 2 + 3n 4 )w 2 
- n 2 (n 2 -4m 2 )(n 2 -4m 2 -2/t 2 ) (2.21) 

In addition, there are two free massless {u = ±n) AdS$ bosonic modes and also five 
free massless S* 5 bosonic modes. The condition of stability of the solution is that all 
bosonic frequencies are real. That implies (we are assuming that S is positive) [4] 

S<S max , S max = ^-^^{m + lf- \ . (2.22) 

In the previous subsection we have used that S max (m = 1) = |^/7\/2 1.17. The 
fermionic frequencies are determined (with factor of 4 degeneracy) by the characteristic 
equation (see Appendix B) 

= 16w 4 -8(4n 2 + 4m 2 + 5/t 2 ) w 2 + 16 m 4 - 32 m 2 n 2 + 16 n 4 

+ 24m 2 K 2 -8n 2 K 2 + 9K 4 , (2.23) 
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with the solution 



uol = ±y n 2 + m 2 + ^k 2 ± V4 m 2 n 2 + m 2 k 2 + 3 n 2 k 2 + /t 4 (2.24) 

The 1-loop correction to the space-time energy E\ is given by the sum of the charac- 
teristic frequencies (see [3, 4, 26, 28] for details) 



I i i- 8 oo 16 

1 „ 1 >. - /, d , , t? ,\ - ■>■ - / , b I I F I 



-El — — -EW — 7T~ 
K 2/t 



O LXJ _LU / 

E 051 - Kol) + EE 

p=l n=l 7=1 V 



(2.25) 



Note that here (in contrast to more subtle case discussed in [28]) we can use absolute 
values of the frequencies since half of the frequencies are positive and half negative 
(both bosonic and fermionic characteristic equations are expressed in terms of u 2 ). It 
remains only to compute the sum in (2.25). The sum is convergent as follows from the 
large n asymptotics of the non-trivial bosonic and fermionic frequencies 



K 2 „ , 1 , o K 2 „ , 1 



o„ = n 



- , |± VkW + - + 0(-) , u g = \ n \ + + Q(-) , (2.26) 



Gn = |n| ± ^V3 K 2 + 4m 2 + ^ + O(l) (2.27) 



Taking into account the degeneracies and including the contribution of the bosonic 
frequencies in the S 5 directions we then get 

4k 2 1 4k 2 1 

E < = 16H + -- + 0(- 2 ) , E = 16|n| + -- + O(-j) , (2.28) 

^ I I ^ I I 

which confirms the convergence of the sum in (2.25). 

Due to the rather complicated form of the explicit solutions for the characteristic 
frequencies we are unable to perform the sum in (2.25) analytically. However, it is 
straightforward to evaluate it numerically in the region of stability of the solution when 
the frequencies and thus E 1 are real. For m — 1, the resulting one- loop correction E\ 
is plotted in Figure 2 as a function of S = ^7=. We find that there is again an interval 
within the stability region (from around 0.4 to 1.15) where Ei can be well approximated 
by a straight line 

S 

E 1 w -°- 9 7^ - 2 - 38 • ( 2 - 29 ) 

The total energy is then E = E + E 1 + .., where E and E-y are given by (2.20) and 
(2.29). This supports the conjecture that the general large-S* expression for the string 
energy that may be possible to extrapolate to weak coupling is given by (1.5). 
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Figure 2: One-loop correction to energy E\ as a function of S 



3 Rotating and pulsating string 

Let us now return to the equations (2. 10), (2. 11), (2.12) and look for more general 
circular rotating and pulsating solutions with S\ = S2. Our conjecture is that they may 
be dual to other (lower-spin) operators built out of self-dual gauge-field components. 

As was mentioned above, having p=const while 9 changing with time does not lead 
to a new solution. Here we shall consider the alternative case when 6 remains fixed 
at | while p is allowed to change in time. This will generalize the pulsating solution 
discussed in [20] where the string was lying only in one plane (i.e. had 6 — |) and was 
not rotating (we shall review this solution in Appendix C). 

The solution with S\ = S 2 we are interested in is described by (2.5) with </?i = (p 2 
and fixed 9, i.e. by the following ansatz 

71 

t = t(r), p = p(r), = ^ <fri = (p(r) + ma, <f) 2 = <p(r) - ma . (3.1) 
The conserved charges are 

£ = cosh 2 pi, Si = S 2 = S = i sinh 2 p (p . (3.2) 

The conformal constraint gives the equation of motion for p 

p 2 + V(p)=0, V = r2~ + — - 2 - + m 2 smh 2 p. (3.3) 

cosh p smh p 

This may be interpreted as an equation for a particle moving in a potential which is 
growing to infinity both at p — > and p — > 00 and having a minimum in between. The 
coordinate p(r) thus oscillates between a minimal amd maximal value. 

Following the discussion of pulsating solutions in S* 5 in [7] we can compute the 
oscillation number (which should take integer values in quantum theory) as 



N = (f dp p p = ^— [ dp J — —5- ra 2 sinh 2 p . (3.4) 

J 7r J Pmin V cosh sinh 



2n J 7r Jp min V cosh p sinh p 
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Changing the variable to x — sinh p we get 



N = — - 4S2(1 :^ - ,nV(l + «>) (3.5) 



where R 2 , R3 are the two positive roots of the cubic polynomial 

f(y) = m 2 y 2 (l + y) + y(4<S 2 - £ 2 ) + AS 2 , y = x 2 . (3.6) 

The third root (Ri) is negative. 

One can show (see Appendix D) that in order for this solution to exist the function 
inside the square root in (3.5) must be positive. This gives a condition on the energy, 
spin and the winding number m 

S 2 > max {4S 2 , h(m,S)} (3.7) 

where h(m,S) is the maximal root of the polynomial g(z) (which has at least one real 
root) 

g{z) = -Az 3 + z 2 (48S 2 - m 2 ) - lQS 2 z(12S 2 - 5m 2 ) + 1QS 2 (AS 2 + m 2 ) 2 . (3.8) 

The asymptotic dependence of the energy on the oscillation number N and spin is 
worked out in Appendix D. For small S and J\f = ^= the energy dependence is like in 
flat space 

E = 2\ 1 / A VmL + ... , L = N + S. (3.9) 

For large Af but small S we get 

\3/4 

E = 2L + diX^VZ + d 2 V\ + d 3 ^ + 0(L~ 3/2 ) , (3.10) 

yL 

where 

L = N + S , di w 0.359m 3/2 , d 2 « 0.032m 3 , d 3 w -0.059m 5/2 . (3.11) 

Starting with the 0(L~ 3 / 2 ) term, the coefficients will depend on the spin S explicitly, 
i.e. not only through L. For large S but small Af the energy is given by (for m = 1) 

E = 2S + Vl N + v 2 (XS) 1/3 + 0(S~ 1/3 ) , ui = 1.83, v 2 = 0.45 . (3.12) 

Let us now consider the dependence of E on N and S in the intermediate region of 
Af and S of order 1 (for m = 1), where, as in the rigid string case, the solution is 
expected to be stable (pulsation, in general, should improve stability). Let us consider 
the region 0.4 < <S < 1. According to (3.7), this means that S is at least greater than 
2S. For each value of the spin S we can determine the minimum energy £ rn i n from 
(3.7). We computed numerically the oscillation number Af = N/\/A using (3.5) and 
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plotted it as a function of £ for several values of S from £ = £ min to £ = 5. Near £ min 
we got the expected parabolic dependence (J\f ~ — S) as in flat space since there 
the string is close to the origin of AdS^. The string is oscillating near the radial point 
p* which is not far from 0. The results are presented in the Table below. 



s 


£ ■ 


M = M{£) 


p* 


0.4 


1.629 


-0.727+0.401 £ 


0.686 


0.6 


2.161 


-0.918+0.401 £ 


0.786 


0.8 


2.665 


-1.106+0.4006 £ 


0.86 


1 


3.153 


-1.292+ 0.4002 £ 


0.919 



The plot of M{£) for S = 0.4 is given in Figure 3. 




2.5 3 3.5 4 4.5 5 



Figure 3: Af(£) for S = 0.4 

We observe that the slope of the linear function M{£) does not depend on S, i.e. 
J\f a(S) +0.4£. For Af = and S within the range 0.4 < S < 1 we should reproduce 
the straight line for £ = £(S) found in the rigid string case. The plot of a(S) is well 
approximated by the straight line a(S) = —0.248 — 1.0175. We conclude then that 

N= -0.248- 1.0175 + 0.4£ , (3.13) 

so that the classical energy of rotating and pulsating string has the linear form in the 
region where N ~ S ~ v^A 

E w 2.5N + 2.545 + 0.62^ . (3.14) 

For N = this is in reasonable agreement with the rigid string expression (2.20). 

Written in terms of the length L = S + N and the spin the energy is E 
2.5L + 0.045* + 0.62V% i.e. grows with spin for fixed length as does the anoma- 
lous dimension on the gauge-theory side [24]. Note also that the rigid string (N = 0) 
has lowest energy for given spin S - adding oscillations increases the energy. This is in 
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qualitative agreement with the gauge-theory interpretation where TrF s operator has 
lowest anomalous dimension for given spin. 

Repeating the above discussion in the case of S = we find a similar linear depen- 
dence of E on N ~ \f\. This supports the conjecture that this pulsating string state 
should be dual to the gauge-theory operator represented by the anti-ferromagnetic 
vacuum of the XXX x spin chain [23, 24]. 
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Appendix A: String with p =const and oscillating 6 

Here we would like to show that the spinning string solution with constant p which 
exists if S\ = S2 and with 9 changing with time is actually equivalent to the solution 
with 9 = I we considered in section 2.2. For t = kt the equation of motion for p and 
the conformal constraint give 



a 2 

k 2 = 2m 2 sinh 2 p , 9 2 = w 2 (A.l) 

sin 29 



where 



16m 4 <S 2 



w = in + k , g 2 = — . (A.2) 



Then 9 can oscillate in the range 



@min — ^ — n 9 m i n — 9 max , 9 m i n — arcsin . (A. 3) 

— — %v 



The explicit form of the solution for 9 is 



cos 29 = \1 - 9— sin 2wr (A.4) 
V w z 

As r increases from zero to wt — |, 9 decreases from | to 9 m i n . The solutions for the 
two angles </>i,<f>2 



w w 2 w w 2 

(pi — arctan (— tanwr — \ — — 1) , <z>2 = arctan ( — tantur + \ — — 1) . (A. 5) 
9 V 9 9 V 9 2 
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Expressing this solution in cartesian coordinates (2.2) we get 



y Smhpo^ / ^ T + be -i wr\ Y = ^E^ e -ima ( ce iwr + de -iwr\ /^g) 



where 



1 



a,b = -(g ± w — i\j w 2 — g 2 ) , c — a, d — b, ad + be = . (A. 7) 

The corresponding oscillation number in 9 direction (i.e. the action variable conjugate 
to angle 9 which for periodic motion is quantized in semiclassical quantization) 8 is (here 
p e = sinh 2 p 9) 



N =2? / d9 » = w L ""r - = - s) ■ (A - 8) 

When w = g we get, as expected, N = 0: then 6 1 = |, i.e. there are no oscillations. We 
can also rewrite N as 

N = ^V^±Z_ 5 , (A.9) 
4m 2 

and recalling that the energy is 



K 3 



£ = K + w- (A ' 10) 

we conclude that it depends on N and S only through their sum L = N + S. This 
suggests that this pulsating solution is not a new one but a rotated version of the 
rigid solution with 9 = j. Indeed, starting with (A. 6) one can show that by an 5*0(4) 
rotation this solution can be transformed into the rigid rotating solution (2.13) (this 
5*0(4) rotation implies also the redefinition of the spin 5 + N — > 5). 



Appendix B: Fluctuations near rigid rotating string 

Here we provide some details for the computation of 1-loop correction to the energy of 
the rotating string solution in section 2.2. Let us first review the the form of the bosonic 
fluctuation Lagrangian following [22]. Since the string is moving entirely in AdS$ 
the fluctuations in 5 5 directions are trivial (5 massless 2d bosons). The fluctuation 
Lagrangian in the AdS 5 directions near the solution (2.13) is 

L AdS = -\ d a Y r d a Y* r - l-~A Y r Y* r , £ ( Yrt * + Y r^ r ) = ■ (B-l) 

8 The string motion is described by an integrable 1-d Neumann model [29, 22], and the energy, 
spins and the oscillation number are related to its integrals of motion. 
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Writing the fluctuation fields as 

Y = G?o + */oK KT , Y 1 = (g 1 +tf 1 y WT+ * m °, Y 2 = (g 2 + tf2)e lWT - tm ° , (B.2) 
the above constraint gives (see 

(2.13)) 00 = ri(gl+g2) - Then the fluctuation La grangian 
for the five real fields gi, g 2 , fo, fi, /2 takes the form 

1 „ J2 

(9i + 92? - (g[ + 92? 

1 / • 2 , i2 , • 2 , j-2 /2 _f/2 /2 W2\ 

+ 2 (wgifx - mg l f[ + u^A + mg 2 f 2 ) . (B.3) 

This determines the bosonic characteristic frequencies (by expanding the fields as 
~ e ma+l0JT and finding the condition of consistency of the resulting linear system of 
equations). We find that there are two massless modes which decouple (in conformal 
gauge their contribution is effectively cancelled by the contribution of the ghosts), and 
for the remaining coupled three directions we obtain the characteristic equation [4, 22] 
(2.21), or f n (to 2 ) = 0, where 

f n (x) = x 3 - (8m 2 + 10k 2 + 3n 2 )x 2 + (16m 4 + 40mV + 24/t 4 + 8nV + 3n 4 )x 

- n 2 (n 2 -Am 2 )(n 2 -Am 2 -2k 2 ) . (B.4) 

Following [4], we conclude that the stability condition when all cu's are real is 

/ n (0) = -n 2 {n 2 - 4m 2 )(n 2 - Am 2 - 2k 2 ) < . (B.5) 

Here / (0) = / 2m (0) = 0, ^(0), f 2m -M < 0, / 2m+1 (0) = -(2m + l) 2 (4m + l)(4m + 
1 — 2k 2 ). The stability condition is then 

k 2 <2m + - . (B.6) 

Expressed in terms of S it is S < S max , with S max = 4 ^ 1 \J(m + l) 2 — \. 

The fermionic fluctuations are described by the quadratic part of the AdS 5 x S 5 
superstring Lagrangian evaluated on the bosonic solution (2.13) (see [31, 3, 4, 26] for 
details). 

L F = i (r, ab 5 IJ - e ab s IJ ) 6 1 p a D b 6 J , p a = T A ef , e A a = E*{X)d a X» , (B.7) 

where I, J — 1,2, s IJ = diag(l, — 1), p a are projections of the ten-dimensional 
Dirac matrices and are the coordinates of the AdS 5 space for p = 0, 1,2,3,4 (i.e. 



L = -^[/o-/o 2 + 4K-i/ o (0i + 2 )]-^ 
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t, p, 9, 0!, 4> 2 ) and the coordinates of S 5 for p = 5,6, 7, 8, 9. The covariant derivative is 
given by 



dj 1 = (V J D a - ^e /J r> a ) e J , r, = *r 0123 4 , r 2 = 1 , (b.8) 

where D a = d a + \oj^ b Yab, = d a X^u^ B . Fixing the /t-symmetry by the same 

condition as in [26] 9 1 = 9 2 = 9 one gets 

L F = -2i9D F 9 , D F = -p a D a - l -e ab p a T*p b . (B.9) 

Explicitly, one finds 

Dp = (/tr r + u>rir 3 + wr^i) 

v (a 1 r wr °r wr ° r w r w r ^ 

x (St _ _ Kri r 10 _ _r 13 - ^r 14 - ^=r 23 + ^r 24 ) 

mro _ wi?"o m m 

-(mrir 3 - mrir 4 )(c' CT H =r i4 =r 2 3 1=^24) 

v A 2^2 2^/2 2^2 2^2 ' 

-(mK,r rir 3 r + 2mwr 2 T z T A - m/tr rir 4 ro)roi234 (B.10) 

Expanding the fields in terms of e tuJT+mcr can show that the det(-Dp) = condition leads 
to the characteristic equation (2.23). In the 4 + 6 dimensional representation of the 
Dirac matrices one can use the six dimensional T-matrices for the actual computation 
of the characteristic equation. In (2.23) there is an extra factor of 4 degeneracy making 
up the total 16 of fermionic frequencies. 



Appendix C: String pulsating in one plane 

Here we shall review the pulsating AdS$ solution of [20] using the conformal gauge as 
in the case of the pulsating solutions in S 5 discussed in [7]. We shall start with (2.3) 
and consider the case where the string is pulsating in one plane: 

t = t(r), p = p(r), = |, <$> x = mo, 2 = (C.l) 

Then the only non-zero global 5*0(2,4) charge is the energy 

£ = cosh 2 pi. (C.2) 
The conformal gauge constraint gives the equation of motion for p 

S 2 

p 2 5- + m 2 sinh 2 p = , (C.3) 

cosh p 



17 



which is the same as the S = limit pf (3.3). As in [7] the strategy is to compute the 
oscillation number N and then express the energy in terms of it. By definition (here 

V P = p) 



2tt 



N = IT- fdp Pp = — 



7T J 



Pmax 



dp* 



~2 m 2 sinh 2 p 

cosh p 



Changing the variable to x — sinh p we get 
V\ r^R dx 



N 
Then 



n Jo 1 



+ x 2 



£2 _ m 2 x 2(l _|_ x 2^ ^ 



dm it Jo 



x 



—m + v^TIF 
2m 



'S 2 — m 2 x 2 (l + x 2 ) 
can be expressed in terms of the elliptic integrals 



(C.4) 



(C.5) 



(C.6) 



<9N 



1 / Aa_ ia^ 



dm 2tt V 2m £ 



K 





-E 


a_ 










a + 



a± = m ± Vm 2 + 4£ 2 . (C.7) 



This representation is useful since it allows one to obtain convergent expansions for N 
at large and small energies. 

Expanding in large S and integrating from to m we get 



N{E, m) = N {E) + i Cl A 1/4 v / 2mE + 0(E°) , 



where 



Cl 



AV2 



7T 



;E[-1] -K[-l]) w 1.078 . 



The constant of integration N can be determined from the m = integral 9 



V\S f°° dx 



-E 



7T Jo 1 + X 2 2" 

Then inverting the relation between N and E we end up with 



E = 2N + ciA 1/4 v / mN + 0(N°) , 
which is the same expression as found in 

Expanding (C.7) at small S gives 

S 2 



(C.8) 



(C.9) 



(CIO) 



(C.11) 



am 



Am 2 32m 4 



m u 



(C.12) 



3 The m = limit corresponds to a massless geodesic going from p = to p = oo. 
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We observe that the right hand side is regular at m — > oo. Integrating from m to oo 
and setting N(£, m = oo) = we get 

N = — A- 1 ^ _ !^ A " 3 / 2 + O f ^A" 5 ^ , (C.13) 
4m 32 m 3 \m 5 / ' v ; 

and thus 



E = 2A 1/4 v / mN + 0(N 3/2 ) . (C.14) 

This is the flat-space dependence which is expected in the small-energy limit where the 
string is pulsating near the center of AdS$. 



Appendix D: String rotating and pulsating 
in two planes 

Here we shall derive the asymptotic expansions of the energy of the general rotating 
and pulsating solution discussed in section 3. 

Let us first analyze the conditions when this solution exists. We need to have the 
expression inside the square root in (3.4) positive, i.e. where f(y) < (f(y) was defined 
in (3.6), y = sinh 2 p). The extrema of /, i.e. the solutions of f'(y) = are 



-m ± Jm 2 + 3(S 2 - AS 2 ) 
V± = 3^ (m) 

It follows that f(0) = AS 2 > 0, and that f(y) — > — oo as y — > — oo, with f(y) — > oo as 
y — > oo. To have f(y) < in a region inside the allowed range of values y > we need 
y± to be real. Since y_ < to have f(y) < we need y + > 0. This requires £ 2 > AS 2 . 
Then f(y ) > and so to have the solution we need f(y+) < 0, where 



f(y + ) 



27m 



2m 3 + 9m(8S 2 + S 2 ) - [2m 2 - 6{4S 2 - S 2 )} ym 2 + 3{S 2 - AS 2 ) 



i I )••-') 

From the form of f(y+) we conclude that to have a solution we need g(z) < (z = S 2 ) 
for some z within the region z > 0, where g(z) was defined in (3.8). We have g(0) > 
and g(z) — > — oo as z — > oo, g(z) — > oo as z — > — oo. Then g(z) = has at least 
one real solution. We want g(z) < in a region within z > 0. Therefore, we need 
z = £ 2 > h{m,S) where h(m,S is the maximal root of g(z) (if the maximal root is 
negative we just need z > 0). In addition, we have to satisfy E 2 > AS 2 , so we conclude 
that the solution exists if 

S 2 > max [AS 2 , h{m, S)} (D.3) 
Note that for small or large S we have h(m,S) > AS 2 . 
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To study the small energy behavior £ — > 0, we thus need also S — > 0. In this limit 
h(m, S) = AmS + 8S 2 + 0(S 3 ), so we are to require £ 2 > AmS. The case of £ 2 = AmS 
corresponds to p constant, i.e. to no pulsation or Af = 0, when, as in (2.18), we get 



£ = 2v^S + 2m~ 1 l 2 S 3 ' 2 + 0(S 5 / 2 ) . 
More generally, one finds from (3.5) that in the limit of small £ and S 



E = 2\ 1/4 Jm(S + N) + .. 



(D.4) 



(D.5) 



Again, this is the flat-space behavior, which is expected in this case since the string is 
located near the origin of AdS 5 . 

In the large energy limit we can expand h(m,S) at large S. In the case of the equality 
S 2 = h(m,S), which again corresponds to constant p, i.e. M = 0, we reproduce the 
asymptotics of the rigid string case (2.19) 



£ = 2S + ^(4m 2 ) 1/3 S 1/3 + 0(S- 1 / 3 ) 
Let us now analyze the large energy behavior starting from (3.5) or 



<9N 

dm 



m 



7T 



dx 



x^ 



R-2 



s 2 



— m 2 x 2 (\ + x 2 ) 



(D.6) 



(D.7) 



This integral can be expressed in terms of the elliptic integrals E,F 



<9N m^X 
dm 71V-R3 — Ri 



(R 1 - R 3 )E 



Ro — Ra 



Ri — R3 



-i?iF 



Ro — Rz 



Ri — R3 



(D.8) 



The large energy behavior of the roots Ri,R 2 ,R3 of f(y) in (3.6) is 



Ri, 



£ 



m 



1 m' 

2 T 8m~£ 



16S 2 



0(£~ 2 ), 



AS 2 

R 2 = -^ + 0(£- 



Expanding for large energy £ we obtain 



<9N 



_ = 

dm Try/2 



kl Vm~£ + - ^S(3m 2 - 32.S 2 ) + 0(£^ 2 ) 



AV2V£ 32£ 3 / 2 ' 



h = K 

Integrating over m we obtain N 



T 




r 




- 2E 




.2. 




.2. 



(D.9) 

,(D.10) 
(D.11) 



N(£, S) = N„(£, S) + ^— + 



9 ' 20^/£ 
20 



32£ 3 / 2 



+ ... (D.12) 



The integration constant N (£, S) can be determined from the integral (3.5) for m = 




We find 

K. 



4£ 2 (1 + * 2 ) p 2 _ 45 2 

^ ' R ~ £^4& ■ (D - 13) 



Note that in the limit of m — >■ (or zero tension) the solution is the same as for a 
point particle 10 moving along a massless geodesic in AdS^ from some finite p to p = oo. 
We may thus interpret the string solution with large energy (implying large spin S or 
large oscillation number Af) as being "fast" (cf. [9]). For £ ~ 1 which we considered in 
section 3, the string is not fast: in this case the m — > limit corresponds to the radial 
coordinate p changing between two finite values. 

The resulting expression for the oscillation number is 

N = | - S + a^^E + a 2 \^^= + 0(E^ 2 ) , (D.15) 

2 y/E 

where 

ai = ^i m 3/2 = _ . 127m 3/2 = _^ m V2 = o.042m 5 / 2 (D.16) 

3tt ,2 l ; 

Expressing energy in terms of N and S then gives (3.10). Since we expanded in large 
energy while keeping S fixed, this expression is valid for large £ and M, but not large 
S. 11 ' 

Let us now find the energy for large S and small Af. Let us start with (D.8) and 
expand now at large S and large £, setting S = u£, with u fixed. For the solution 
to exist we need to satisfy (3.7) for large S, which implies u < \. Expanding in large 
energy £ but with u fixed we obtain 

N = I - S 4- M'/VI (l - 4§jj + ^ ri _ 4 flV + °( E " /2 > < D ' 17 ) 

This reduces to (D.15) if we expand in small u. In the limit u — )■ \ we get 

p / p \ 1 / 4 1 / P 1 \ ~ 5 / 4 

N = f -S + a^^E^-2) -a 2 A 3 / 4 -^(|- 2 ) + 0(^ 3 / 2 ) , (D.18) 



10 Note that the solution (3.1) depends on a only in combination with m. 

n Note that in the limit S — > we obtain from (3.10) a different expression for the energy then 
found in the absence of rotation in (C.ll), in spite of the fact that setting S — in (3.3) gives the 
same equation as in the case of string pulsating in one plane. This discontinuity is explained by the 
fact that taking the limit 5^0 changes the behavior of the potential at p = 0. With nonzero S the 
potential blows up at p = 0, while with S = it is finite at p = 0. 
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i.e. 



E = 2S + 6 N + M 1/3 S 1/3 + 6 2 A 3 / 2 ,S- 1/3 + 



(D.19) 



where for m — 1 we have b = 1.835, b\ = 0.454. For N — > 0, this is different from 
the expression (2.19) in the case of the rigid rotating string, which for m — 1 gives 
E = 2S + 1.19(A5) 1 / 3 + .... While the S dependence is the same the coefficients are 
different. This is an indication of the same discontinuity we mentioned above in the 
case of large energy and large N and the limit S — > 0. In this sense there is a symmetry 
between the M and S dependence of the energy. 
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